We construct a cosmological scalar-tensor-theory model in which the Brans-Dicke type scalar Φ enters the effective (Jordan-frame) Hubble rate as a simple modification of the Hubble rate of the ΛCDM model. This allows us to quantify differences between the background dynamics of scalar-tensor theories and general relativity (GR) in a transparent and observationally testable manner in terms of one single parameter. Problems of the mapping of the scalar-field degrees of freedom on an effective fluid description in a GR context are discused. Data from supernovae, the differential age of old galaxies and baryon acoustic oscillations are shown to strongly limit potential deviations from the standard model. *
I. INTRODUCTION
In scalar-tensor theories the gravitational interaction is mediated both by a metric tensor and a scalar field. The interest in this type of theories of gravity is connected with the expectation that the observed late-time accelerated expansion of the Universe may be understood without a dark-energy (DE) component [1] [2] [3] . Instead, it is the modified (compared with Einstein's theory) geometrical sector which is supposed to provide the desired dynamics [4] [5] [6] [7] . This may be seen as a geometrization of DE. Different aspects of scalar-tensor theories in general or subclasses of them have been investigated in [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] .
Scalar-tensor theories are formulated either in the Einstein frame or in the Jordan frame. Both frames are related by a conformal transformation. While matter and scalar field energies are separately conserved in the Jordan frame, the dynamics of both components is coupled in the Einstein frame for any equation of state (EoS) different from that of radiation. Because of the complex structure of scalar-tensor theories, simple solutions are difficult to obtain, even if the symmetries of the cosmological principle are imposed. Hence, in practice, the background expansion rate is usually obtained via numerical integration of the equations of motion. In general, the scalartensor-theory based cosmological dynamics may substantially differ from standard cosmology. Our focus here is on the simplest possible extension of the standard ΛCDM model that scalar-tensor theory can provide. In this minimalist approach we remain in the vicinity of the standard model at the present epoch and we aim to quantify the differences between scalar-tensor theory and general relativity (GR) by establishing a structure in which the scalar field Φ explicitly enters an analytic solution of the dynamics such that for Φ = 1 the standard ΛCDM limit is recovered. To this purpose we construct a simple model which is analytically solved in the Einstein frame. With the help of a conformal transformation we then demonstrate how the field Φ, which is given as a certain power of the scale factor, enters the (Jordan-frame) Hubble rate. Here we rely on an effective GR description of the Jordan-frame dynamics to determine the geometric equivalent of DE.
In more detail, our starting point is a simple, analytically tractable expression for the coupling between nonrelativistic matter and the (Einstein frame) scalar field which modifies the standard decay of the matter energy density with the third power of the cosmic scale factor. This interactiontriggered deviation of the standard decay in the Einstein frame is modeled by a power-law behavior in terms of the Einstein-frame scale factor. Under this condition and if additionally an effective energy density and an effective pressure, linked by a constant "bare" EoS parameter, are assumed, an explicit solution of the Einstein-frame dynamics is obtained with the mentioned power as an additional parameter. A straightforward conformal transformation then allows us to obtain the Hubble rate and the deceleration parameter in terms of this parameter in the Jordan frame as well. For the value zero of such new parameter, corresponding to Φ = 1, both frames become indistinguishable and reproduce the dynamics of the standard ΛCDM model. Otherwise one has a variable Φ and the dynamics in both frames becomes different, deviating from that of the standard model. The analytic expression for the Hubble rate which explicitly clarifies the impact of the scalar field on the cosmological dynamics is the main achievement of this paper. We shall confront the deviations from the standard model with data from supernovae of type Ia (SNIa), the differential age of old galaxies that have evolved passively (using H(z), where H is the Hubble rate and z is the redshift parameter) and baryon acoustic oscillations (BAO).
The structure of the paper is as follows. In Sec. II we recall basic general relations for scalartensor theories and specify them to the homogeneous and isotropic case. In Sec. III we set up an effective two-component description in the Einstein frame, introduce our interaction model and find the Einstein-frame Hubble rate. The transformation to the Jordan frame is performed in Sec. IV where we also discuss the implications of a mapping of the scalar-field degrees of freedom on the effective fluid dynamics in a GR context. Section V is devoted to a Bayesian statistical analysis on the basis of observational data of SNIa, H(z) and BAO. Finally, in Sec. VI we summarize our results.
II. BASICS OF SCALAR-TENSOR THEORIES
Scalar-tensor theories are based on the (Jordan-frame) action (see, e.g., [17, 19, 20] )
with a minimally coupled matter part
where κ 2 = 8πG and L m denotes the matter Lagrangian. The dynamical field equations are
where the energy-momentum tensor of the matter is obtained as usual via
The dynamics of the field Φ is dictated by
which implies a coupling to the trace T ≡ T r(T µν ) of the matter energy-momentum tensor.
Adopting the conformal transformation
of the metric tensor g µν as well as a redefinition of the potential term
and
one obtains the Einstein-frame action
in which the matter part is non-minimally coupled to the gravitational sector. Throughout the paper, quantities without a tilde refer to the Jordan frame, quantities with a tilde have their meaning in the Einstein frame.
Restricting ourselves to spatially flat homogeneous and isotropic cosmological models with a
Robertson-Walker metric and assuming a perfect-fluid structure for the energy-momentum tensor of the matter with energy density ρ m , pressure p m and four-velocity u µ ,
the relevant Jordan-frame equations are
where H = 1 a da dt is the Hubble rate of the Jordan frame and a is the Jordan-frame scale factor,
as well as the matter conservation
The corresponding relations for the Einstein frame arẽ
is the Einstein-frame Hubble rate andã is the Einstein-frame scale factor, as well
where we have introduced the notationṼ ,ϕ = ∂Ṽ ∂ϕ . Different from the Jordan frame, the matter component is not separately conserved here. The time coordinates and the scale factors of the FLRW metrics of both frames are related by
respectively. The matter pressure and the matter energy density transform as
respectively. This means pm ρm =p m ρm , i.e., the EoS parameter of the matter remains invariant.
III. EINSTEIN-FRAME DESCRIPTION

A. General relations
The Einstein-frame equations (15) - (18) are of an effective two-component structure in which matter interacts with a scalar field. We associate an effective energy densityρ ϕ and an effective pressurep ϕ to the scalar field bỹ
respectively. Equations (17) and (18) can then be written as
respectively, wherew m =p m ρm is the matter EoS parameter andw =p φ ρϕ is the Einstein-frame EoS parameter for the scalar field. Notice the difference in notation between the EoS parameter w and the coupling ω in the action of the scalar-tensor theory. The interaction vanishes for the special casew m = 1/3. The total energy densityρ and the total pressurep arẽ
for which the conservation equation
holds.
B. Modeling the interaction
In the special casep m = 0 the solution of (22) can be written as
where the function f encodes the effects of an interaction between matter and scalar field. Comparing (22) and (26), it follows that
The absence of an interaction means a constant f , equivalent to ϕ = ϕ 0 = constant. Writing the time derivative of f (ã) as
Eq. (23) becomes
For a given interaction f (ã), the Hubble rate (15) is then determined by the sum ofρ m from (26) with (28) andρ ϕ from (30).
To construct an explicitly solvable model we shall assume a power-law behavior of the interaction function f (ã),
Clearly, for m = 0 the function f becomes constant and the interaction is absent.
With (31) the explicit solution of (30) then is
Via
the interaction term Q becomes
C. Effective EoS and Hubble expansion rate for a linear dependence b(ϕ) = Kϕ
In order to obtain analytical expressions for the dynamics we consider the simple case of a linear
where the expression for K follows from (8) . This implies also the relations
as well as
The power m is a direct measure of the interaction strength. The interaction-free case m = 0 corresponds to ϕ = ϕ 0 = constant, i.e.,Ṽ =ρ ϕ and, consequently, tow = −1, equivalent to the ΛCDM model. For m > 0 one has Q > 0 while for m < 0 the opposite, Q < 0, is valid. The first equation in (37) relates the scalars Φ and ϕ without specifying a potential V (ϕ).
For the special case of an exponential potential,
one has, from (8),
and relation (7) provides us with the power-law potential
With (33) the balance equation (23) forρ ϕ can be written
with an effective EoS parameterw
corresponding to an effective pressurep 
Since from (37) one hasã = e K 3m
ϕ , it follows that the matter energy density can be written in terms of the scalar field asρ
This exponential structure allows us to writẽ
which is of interest in defining an effective potential. Then, Eq. (23) (forp m = 0) is equivalent to
whereṼ ef f now includes the interaction,
Because of the representation in (44), the interaction potential is of the exponential type. One may introduce effective quantities
for which, from (46),
is valid withW
Forw = −1 we haveW ef f = −1 as well.
Together with (44) the total energy becomes
For the actual value we haveρ 0 =ρ m0 +ρ ϕ0 . Introducing the fractional quantities
the square of the Hubble rate is
The non-interacting case m = 0 corresponds to a wCDM model. As already mentioned, since then ϕ = constant, the only possibility here isw = −1, i.e., the ΛCDM model.
In the following we shall focus on the casew = −1 but admitting m to be non vanishing. Under this conditionH 2 consists of a constant part like the ΛCDM model but modified by the presence of m and a matter part in which the parameter m modifies the conventionalã −3 behavior:
These small modifications make the Einstein-frame dynamics different from that of the ΛCDM model. (Alternatively, this solution may be interpreted in a purely GR context with the ϕ component belonging to the matter part of the field equations, interacting with nonrelativistic matter.)
For the deceleration parameterq
we findq
For m = 0 its present value consistently reduces toq 0 = −1 + 3 2Ω m0 .
D. Consistency check
Now, a consistency check can be performed as follows. With (36) we have
Taking into accountH 2 =
In general, our initial assumption of a constantw does not seem to be compatible with the dynamics of ϕ in (57). However, the corrections to the constant valuew = −1 are quadratic in the interaction parameter m, there does not appear a term linear in m in (59). Our approach will therefore be consistent, if we restrict ourselves tow = −1 and to modifications of the effective equation of state (42) which are linear in m. Since m quantifies deviations from the ΛCDM model, one expects m to be small.
IV. JORDAN-FRAME DESCRIPTION
With H = 1 a da dt the transformations (19) allow us to establish the relation between the Hubble rates of both frames:
With
and (31) we have
i.e., the power m quantifies the difference of the scale factors in both frames. For m = 0 one has a = a and the dynamics in both frames reduces to that of the ΛCDM model. Combining (36) and (62) yields b in terms of the Jordan-frame scale factor a,
For the Hubble rate it follows that
The matter energy densities in both frames are related by
where we have usedρ m0 = ρ m0 . As expected, we recover the characteristic a −3 behavior for separately conserved non-relativistic matter in the Jordan frame.
Using (62) and (53) in (64) we obtain the Jordan-frame Hubble rate square
Obviously,
or, since
the square of the Hubble rate can be written as
This expression is our main result. It represents the (Jordan-frame) Hubble rate of our scalartensor-theory model. From the structure of (69) (13), which would require an explicit expression for the potential U . The unknown exact solution of the scalar field equation (13) is replaced here by the effective solution
1+3m which was obtained using the approximations (31) and (35) in the macroscopic fluid dynamics. Our procedure allows us to obtain an explicit expression for Φ and for the Hubble rate without solving the scalar field equation (13) . This can be seen as a major advantage of the approach. By direct calculation one verifies that Φ obeys the simplified effective equation of motion
instead of (13) . Since
equation (70) is of the form
where
This means, the dynamics of our Φ is that of a scalar field with potential U ef f . For m = 0 the derivative U ef f ,Φ vanishes, corresponding to a constant effective potential and compatible with Φ = 1, thus recovering the ΛCDM model. It should be kept in mind, however, that the dynamics of Φ describes deviations from the ΛCDM model, not this model itself.
The total energy density corresponding to (69) may be written as
or, separating the matter part as in (11)
The appearance of the scalar Φ in these expressions changes the relative contributions of matter and the dark-energy equivalent. Our model encodes the deviations of the scalar-tensor description from the ΛCDM model entirely in the constant parameter m which is supposed to be small. To be more definite we shall assume |m| <
(a 1).
In the far-future limit a 1 we have
Depending on the sign of m it may either decay (m > 0) or increase (m < 0).
The matter fraction becomes
We may introduce an effective GR description by defining a component ρ
equivalent to
with the fractional contribution
Then, at high redshift,
For m > 0 the effective energy density ρ x becomes negative for small values of a. .
with that of the standard model. Namely, for m > 0 the combination A a To complete the analogy, the component ρ x is supposed to obey the conservation equation
with an effective EoS parameter w x . With
A direct calculation yields
Equation (86) establishes a relation between the constant, "bare" EoS parameterw = −1 in the Einstein frame and the generally time-dependent effective Jordan-frame EoS parameter w x . For m = 0 we recover w x =w = −1. At high redshift
The value of w x may be close to zero at high redshift, i.e., mimicking dust, but the effective energy density will be negative for m > 0. Already a rather small value of |m| = 0 will substantially change the behavior of this dark-energy equivalent compared with the standard-model dark energy. The present value of the effective EoS parameter is
Given that |m| is small, this remains in the vicinity of w x = −1. In the far future w x approaches The evolution of the effective EoS parameter w x is visualized in Fig. 2 for different values of m.
For small values of a one has w x > 0 but there will be a change to w x < 0 well before the present epoch. The effective energy density changes from the phantom regime to a later phase with ρ x > 0.
Due to the sign change in ρ x the transition point ρ x = 0 is accompanied by a singularity in w x at this point for m positive.
The result for the deceleration parameter q = −1 − a As shown in Fig. 3 , it changes from a high-redshift value
close to 1 2 , to the value close to −1,
at late times.
The explicit expression for the pressure is
Differentiating and usingΦ = − 6m 1+3m HΦ yieldṡ
we findṗ At high redshift this quantity (which corresponds to the adiabatic sound speed) is considerably smaller than 1, it may even be close to zero. The far-future limit iṡ
While this does not seem to differ substantially from the standard model, the intermediate behavior does. As visualized in Fig. 4 , this quantity changes its sign at the points withρ x = 0 which implies a singularity inṗ ẋ ρx . Recall that the energy density ρ x is an effective quantity which simulates DE but does not belong to the matter part of the field equations. It is of entirely geometric origin.
We may define a total EoS parameter w ≡ p ρ = px ρ which results in
The limits are
i.e., at high redshift w is close to zero, in the far-future limit it is close to −1. 
we findṗ
This effective adiabatic sound speed of the cosmic medium as a whole has the high-redshift limiṫ
i.e., a very small value, andṗ
in the far future, a value close to −1.
While for m > 0 the derivativeṗ is always positive andρ is always negative, the quantityṗρ remains negative in the entire range. For m < 0, on the other hand,ṗ is always negative butρ may change its sign for sufficiently large values of a, which gives rise to a divergency inṗρ at the critical value
For a < a s the ratioṗρ is positive, for a > a s it is negative since ρ starts to grow at a = a s . This is consistent with the far-future limit in (77). Except for the rather large deviation from the standard model with m = −0.1, these singularities occur in the distant future. Figs. 6 shows the dependence ofṗρ on the scale factor for various values of m.
We finish this section with a simplified stability check of the solution for Φ, leaving a true perturbation analysis to be the subject of a subsequent paper. We introduce a decomposition
with our "background" solution Φ b and a (homogeneous) perturbation Φ 1 according to
Linearizing yields
Introducing these decompositions into (70) provides us, at first order, with an equation for Φ 1 ,
This is an equation for a damped harmonic oscillator with a time-dependent frequency ω, given by
The perturbation Φ 1 is bounded, i.e. there is no instability for any ω 2 > 0. For positive values of m this is always guaranteed. For m < 0 the second term in the square brackets had to dominate the first one to violate the condition ω 2 > 0. But since we imposed |m| 1 this may happen only under the extreme condition a > a cr where a cr is a critical value, given by
It follows that an instability may occur at the most in the far-future limit a > a cr where a cr 1 due to the inverse dependence on |m|. This value of a cr is of the same order as the previously derived critical scale factor (107). In Fig. 7 we depict the dependence ( the time evolution of the Hubble rate (69) is entirely determined by the dynamics of Φ, we find H 1 ∝ Φ 1 , i.e., the perturbed Hubble rate inherits the stability properties of the scalar field perturbations.
V. STATISTICAL (OBSERVATIONAL) ANALYSIS
The purpose of this section is to test the viability of the background expansion predicted by (67), equivalent to (69), based on the available observations. A particular interest here is to obtain constraints on the parameter m which is responsable to dictating deviations of our model from ΛCDM.
In order to compare (67) (or (69)) with the data we constrain the model parameters with the following observational data sets.
Supernovae: First, we use Supernovae data from the JLA compilation [22] . We will use the binned data set provided by reference [22] with the corresponding covariance matrix C. This test is based on the observed distance modulus µ obs (z) of each binned SN Ia data at a certain redshift z,
where the luminosity distance, in a spatially flat FLRW metric, is given by the formula
Knowledge of the Hubble expansion rate allows us to compute the predicted theoretical value µ th (z i ) for a given redshift z i . The binned JLA data contains 31 data-points. For the JLA Supernova sample the χ 2 function is constructed according to
Differential Age: A second observational source comes from the evaluation of differential age data of old galaxies that have evolved passively [23] [24] [25] . Indeed, the expansion rate is defined as Since spectroscopic redshifts of galaxies are known with very high accuracy, one just needs a differential measurement of time dt at a given redshift interval in order to obtain values for H(z).
The data used in this work consist of 28 data points listed in [26] , but previously compiled in [27] .
Baryon Acoustic Oscillations: The baryon acoustic oscillation (BAO) scale is calculated via
where D A (z) is the angular-diameter distance. The values for D V have been reported in the literature by several galaxy surveys. In our analysis we use data at z = 0.2 and z = 0.35 from the SDSS [28] , data at z = 0.44, 0.6 and 0.73 from the WiggleZ [29] and one data point at z = 0.106 from the 6dFGRS [30] surveys.
For our statistical analysis we construct the chi-square function of each sample
where f = (H, D V ) for the H(z) and BAO datasets, respectively. The number of data points z i , f obs (z i ) in each set is, respectively, N H and N BAO whereas σ i is the observational error associated to each observation f obs and f th is the theoretical value predicted by the scalar-tensor model.
Adding up information from all data samples we can construct the total chi-square function as
We consider the expansion rate (67) as a model with three free parameters, H 0 , Ω m0 and m.
Our main interest is in constraints on the latter.
We will fix two hypersurfaces for the parameter H 0 : the Planck prior H 0 = 68.7Km/s/Mpc [31] and the recent determination from the Hubble Space Telescope (HST) H 0 = 73.2Km/s/Mpc [32] .
These priors on H 0 allows us to span the Ω m0 x m plane. This can be seen in the left and central panels in Fig. 8 It is worth noting that in both two-dimensional plots the ΛCDM model, expressed by the horizontal line at m = 0, lies outside the 2σ confidence level region of the total (χ 2 T otal ) function. In order to obtain specific constraints on m we apply Bayesian statistical analysis. With this procedure we obtain a one-dimensional probability distribution function (PDF) after marginalizing the likelihood function 
VI. DISCUSSION
We have established a class of scalar-tensor-theory-based cosmological models which are simple extensions of the ΛCDM model. The background dynamics of this class has been discussed in detail. 
